According to the well-known analysis by Noziéres, the fragmentation of the condensate increases the energy of a uniform interacting Bose system. Therefore, at T = 0 the condensate should be nonfragmented. We perform a more detailed analysis and show that the result by Noziéres is not general. We find that, in a dense Bose system, the formation of a crystal-like structure with a fragmented condensate is possible. The effect is related to a nonzero size of real atoms. Moreover, the wave functions studied by Noziéres are not eigenfunctions of the Hamiltonian and, therefore, do not allow one to judge with confidence about the structure of the condensate in the ground state. We have constructed the wave functions in such a way that they are eigenfunctions of the Hamiltonian. The results show that the fragmentation of the condensate (quasicondensate) is possible for a finite one-dimensional uniform system at low temperatures and a weak coupling.
Introduction
The Bose-Einstein condensation (BEC) is a beautiful purely quantum property [1, 2, 3] . The early history of the ideas on a condensate can be found in review [4] . BEC in gases and fluids is intensively studied experimentally and theoretically [5, 6, 7, 8, 9] . However, some open questions remain in this field. In particular, in addition to the one-particle condensate, a twoparticle condensate can exist in a Bose system with repulsive interaction [10, 11, 12, 13, 14, 15] .
It is not quite clear whether the existence of three-particle and higher condensates is possible.
According to the calculation with regard for two-and three-particle correlations, the threeparticle and higher condensates are absent in a three-dimensional (3D) Bose liquid [14] . Of high interest is also the question whether a condensate can be fragmented. In the works by Noziéres [16, 17] it is argued that the energy of a uniform system with two condensates should be higher than the energy of a system with one condensate. That is, the fragmentation of the condensate costs a macroscopic energy. Later on, it was shown that if two condensates are separated in the r-space, then the fragmentation decreases the energy [18, 19] . The examples of a fragmented condensate and the references can be found in [7, 20] . The solutions with a fragmented condensate were obtained for one-dimensional (1D) and two-dimensional Bose gases in a trap [21, 22, 23, 24, 25] . The fragmentation of the condensate of quasiparticles is discussed in review [26] .
In the present work, we will analyze the problem of fragmentation of the condensate in more details than in [16, 17] . We will show that the fragmentation of the condensate is possible even for a uniform system (analogous result was obtained previously [27] without general analysis of the problem of fragmentation). In this case, the condensates are not separated in the r-space, in contrast to the solutions in [18, 19, 21, 22, 23, 24, 25] . We will consider the problem step by step, by passing from a more crude description to an accurate one.
2 Periodic Bose system: quasi one-particle approach
In this section, we will carry on the analysis similar to the analysis by Noziéres [16, 17] and will take into account the nonpointness (nonzero intraction radius) of real particles. Consider the periodic system of N bosons with repulsive interaction (ν(0) > 0). The exact Hamiltonian of the system readŝ
+ (r, t)△ψ(r, t) + 1 2 V drdr ′ U(|r − r ′ |)ψ + (r, t)ψ + (r ′ , t)ψ(r, t)ψ(r ′ , t), (1)
where k = 2π , j x , j y , j z = 0, ±1, ±2, . . ., L x , L y , L z are the sizes of the system, and V = L x L y L z . If all atoms are in one condensate, then we have the wave function of the system Ψ = C 1 (â + 0 ) N |vac , the second-quantized operatorψ(r, t) =â 0 / √ V , andâ + 0â 0 =N . In this case,Ĥ
where E (1) is the energy of the system.
Let the atoms be distributed over three states:
is seen from the analysis by Bogoliubov [2] that the states e ikr and e −ikr are coupled; therefore, we consider them together). In this section, we consider an isolated quantum-mechanical system, being in some pure state Ψ(r 1 , . . . r N ). In view of this, we use quantum-mechanical averages [28] :
The numbers N k and N −k can be macroscopic or microscopic. In order to find Hamiltonian (1) with the operatorψ(r, t) = V −1/2 (â 0 +â k e ikr +â −k e −ikr ), we should take into account in the operatorψ + (r, t)ψ + (r ′ , t)ψ(r, t)ψ(r ′ , t) the terms
Using the formulaeâ
and Eqs. (1), (2), (4), we get the Hamiltonian and the energy of the system:
where
. Formulae (5)- (7) are exact and allow us to make some interesting conclusions.
. Thus, we arrive at the conclusion of work [17] : the fragmentation of the condensate increases the energy of the system. If the state −k is not occupied (N −k = 0), the conclusion is the same. However, the equality ν(k) = ν(0) holds for any k only for the point interaction. Any real interatomic potential has a nonzero radius r 0 = d 0 /2; normally,
The real potentials have a complicated form (for He 4 -atoms, see [29, 30] ). Very approximately, we can consider an atom as a semitransparent ball:
where d 0 ≈ 2-3Å, U 0 ∼ 10 3 -10 6 K. In the 3D case, the Fourier transform of potential (8) is
In the 1D case, we have
The functions f 1 (g) and f 3 (g) are oscillatory (see Fig. 1 ).
If the values of k lie near k 0 (coordinate of the first minimum of the function ν(k)) and if n 0 is large, we have K(k) + n 0 ν(k) < 0 and E (1+2) < E (1) . In other words, the average value of the energy of the state 1 + 2 is less than for the state 1 (with one condensate). Therefore, the fragmentation of the condensate is possible. If N −k = 0 or N k = 0, the conclusion is the same. The considered states are uniform. In particular, for the state with three condensates, the concentration is constant:
If we consider
and it is favorable for the system to pass in the state N 0 = 0,
In view of this, if the concentration of a dilute gas cloud is increased to the critical one n = n c , then the system should spontaneously transit by jump from the state with one
. This is a phase transition of the first kind.
We note that the condition n > n c requires a high concentration. It is the case of a dense gas or fluid.
For a periodic system k is quantized: k = 2π . It is clear that the critical condition k = k 0 /2 can be satisfied only approximately: the system is characterized by some
, whose modulus is the closest to k 0 /2 (in this case, each of the components of the vector k ′ is defined to within the sign). For the solutionψ(r, t) =
, for whichψ(r + s, t) =ψ(r, t) for any r (the last equality should hold for any of the components of the vector s as well). We have obtained a crystal-like solution with a cell of sizes s x , s y , s z . In such crystal one or two components of the vector s can be much larger than the mean interatomic distance.
The 1D and 2D cases can be considered similarly. Of course, for the exact description of the system all k-harmonics should be taken into account in the operatorψ and the Hamiltonian.
The ground state obtained in such a way can strongly differ from the above solutions. It is unknown whether it contains a condensate. However, if the ground state of some natural crystal does contain a condensate, its structure is seen from the formulaψ(r + s, t) =ψ(r, t) and the corresponding expansion of the operatorψ(r, t) in basis functions. We may expect that, for periodic boundary conditions (BCs), the principal harmonic of the condensate is characterized by the wave vector k = 2π
Interestingly, our crystal-like solution corresponds to a constant concentration. Moreover, one can strictly prove that any pure stationary state of a system of spinless particles is characterized by a constant concentration, if this system is periodic.
The above quasi one-particle analysis evidences the possibility of the fragmentation of a condensate in a uniform dense Bose system. However, we will see below that the quasi one-particle description gives an incomplete information and is rather crude. Therefore, we did not study the above solutions in more details.
Periodic Bose system: collective description
In Section 2, we have described a system of N interacting bosons with a quasi one-particle wave functions of the form
The equivalent representation reads [28, 31] :
Here, ϕ j (r) are the single-particle basis functions satisfying the necessary BCs, and P stands for all permutations of the vectors r j . The key point consists in that such functions are generally not eigenfunctions of the Hamiltonian. Therefore, the energies obtained in Section 2 are not eigenenergies, but only average energies. In particular, the function
to the termĤ scat . This function is the superposition of eigenfunctions, Ψ = p 1 Ψ 1 + p 2 Ψ 2 + . . .
, in which the functions Ψ 1 , Ψ 2 , . . . correspond to the eigenenergies
. . and to the same number of atoms N. In this case, at least two energies E j are differ-
, then at least one of the energies E j must be less than E (1) . However, we did not find this smallest energy E j and do not know the structure of the condensate for the corresponding state Ψ j . We do not know also whether Ψ j corresponds to the ground state of the system. We know only that the Thus, the quasi one-particle approach allows one to approximately study the possibility of the fragmentation of the condensate, but it does not allow one to find the ground state of the system and the structure of the condensate in this state. We need a more subtle method allowing one to determine the eigenfunctions and eigenenergies of the Hamiltonian. Note that [17] is not an eigenfunction of the exact Hamiltonian.
We remark also that the state Ψ = C 1 (â + 0 ) N |vac is not quite physical. Indeed, according to (12) and (13), Ψ(r 1 , . . . , r N ) = const for such state, since ϕ 1 (r) = V −1/2 e ikr = V −1/2 (for k = 0). However, the wave function Ψ(r 1 , . . . , r N ) = const does not satisfy the Schrödinger equation for an interacting system. This means that the function Ψ = C 1 (â
an eigenfunction of the exact Hamiltonian and, therefore, cannot describe the ground state of the system. This difficulty shows that a part of atoms is not in the condensate with k = 0.
Therefore, one needs to consider the harmonicsâ k with all possible k in the operatorψ(r, t) and the HamiltonianĤ (1).
However, in the crude approximation, it is allowable to consider that all atoms of the system are in one or several condensates. In this case, the wave functions under consideration must be eigenfunctions of the Hamiltonian written in the corresponding approximation for ψ(r, t). To obtain such functions, we use the Landau idea [36] according to which the weakly excited states of a system of many interacting particles can be described in the language of noninteracting quasiparticles. This means that the exact Hamiltonian (1) should be reduced to the diagonal formĤ
In this case, the eigenfunctions of the Hamiltonian take the form
where Ψ 0 is the wave function for the state without quasiparticles, and n k j is the number of quasiparticles with quantum number k j . It is clear thatĤΨ
. Such method allows one to find the operator structure of eigenfunctions and the eigenenergies E {n k } for lowest levels accurately.
The analysis below is carried on in such a way that the wave functions are eigenfunctions of the Hamiltonian. For a Bose gas under periodic BCs, we now compare two states: (i) the state, in which each of N atoms has the zero momentum, and (ii) the state, in which N 0 , N k , and N −k atoms have the momenta 0, k, and −k, respectively (in this case, 
k ,ξ k are the operators of creation and annihilation of a quasiparticle [2] . We now find the ground-state energy in the quasiparticle representation [2, 31, 37] (using the eigenfunctions (15)) as the statistical average Ĥ (1+2) over the state without quasiparticles:
where E 
0 . Therefore, the fragmented condensate is possible. In Section 2, we noted that ν(k) can be negative. Despite this, the Bogoliubov solution satisfies the inequality K(k) + n 0 ν(k) > |n 0 ν(k)| for all k (since the Bogoliubov model works at N k , N −k ≪ N, which requires small |n 0 ν(k)|). If we take all k-harmonics into account in the solution, then we get the exact energy E 0 of the ground state. Since E 0 < E (1) 0 , we conclude that it is energetically favorable for a weakly interacting Bose system with fixed N that a part of atoms has a nonzero momentum.
Next, we must take into consideration that the equilibrium occupation numbers N k = â + kâ k and N −k = â + −kâ −k are not arbitrary. Since Hamiltonian (16) coincides with a part of the Bogoliubov Hamiltonian corresponding to the 0-, k-, and −k-harmonics, the formulae (solutions) for N k and N −k coincide with the known Bogoliubov formulae [2] . These formulae imply that the numbers N k and N −k can be macroscopic only for a 1D system (see also [27] ).
It follows from the formulaeψ(r, t) = V −1/2 e −iǫ 0 t/ (b 0 +b k e ikr +b −k e −ikr ) and n(r) = ψ + (r, t)ψ(r, t) that the system is uniform: n(r) = V and miss the fragmentation. In Section 2 instead of the averages b + kb + −k , b kb−k we considered the normal quantum-mechanical average Ĥ scat , which is zero in the quasi one-particle representation.
We also note that, for real gases in a trap, it is necessary to consider quasiparticles and the variability of the number of particles. In this case, one needs to average over the grand canonical ensemble [38] .
We mention the work by Streltsov [23] , in which it was shown that the ground state of a 1D
Bose gas is fragmented, if the repulsive interatomic interaction is strong and the interaction radius is comparable with the system size. Our analysis in Section 3 is valid only at weak coupling. But the solutions in Section 2 are applicable in the case of strong coupling and hint that the fragmentation found in [23] is related to the nonpointness of atoms.
Thus, the collective approach shows that the fragmentation of the condensate in a 1D Bose gas at T = 0 is possible. We have found no fragmentation in 2D and 3D Bose gases (here, the conclusion by Noziéres is proper). It is of interest that the condition of fragmentation K(k) + n 0 ν(k) < 0 (see Section 2) obtained in the quasi one-particle approach is opposite to the condition K(k) + n 0 ν(k) > |n 0 ν(k)| following from the collective approach (Section 3). The nonpointness of atoms favors the fragmentation in the first case and counteracts the fragmentation in the second one. We note that the condition K(k) + n 0 ν(k) > |n 0 ν(k)| was obtained for the ground state and the weak coupling, whereas the condition K(k)+n 0 ν(k) < 0 is true in the case of strong coupling and non-ground state (though, the state may be close to the ground one). It is not excluded that the condition K(k) + n 0 ν(k) < 0 will be confirmed in the collective approach at a strong coupling.
One-dimensional Bose gas under zero boundary conditions
In Sections 2 and 3 we have found the solutions containing only three k-harmonics. Below, we will determine the structure of the condensate in the collective approach involving all k-harmonics. We use the zero BCs:ψ(x, t) = 0 at x = 0, L. A similar problem was solved numerically in the case of strong coupling at T = 0, N < ∼ 100 [23] . We will consider analytically a system with weak coupling, T ≥ 0, and N > ∼ 1000. For an interacting system the unique condensate is determined on the basis of the diagonal expansion of the single-particle density matrix:
Here, λ j is the occupation number of the state φ j (x). The state φ j (x) is macroscopically occupied provided that λ j ∼ N (we use the normalization λ 1 + . . . + λ ∞ = N). Previously, with the help of the Bogoliubov method we constructed the description of weakly excited states of a Bose gas under zero BCs and found the function F 1 (x, x ′ ) [37] . We emphasize that the Bogoliubov method describes well a finite 1D system at weak coupling and T → 0.
This follows from the facts that the criterion of applicability of the method is satisfied [37] , the solutions for E 0 and E(k) coincide with the solutions in the exactly solvable approach based on the Bethe ansatz [39, 40, 41, 42, 43] , and the solution for F 1 (x, x ′ )| T =0 is close to the solution for a periodic system, obtained by different methods (see references in [37] ). The solution for the density matrix of a one-dimensional Bose gas under zero BCs reads [37] : 
where L is the size of the system,
. The solution is written for the point interatomic interaction [U(|x j −
] and is valid for 0
The point approximation is justified for the description of states with k j ≪ π/r 0 , since the transition to a potential with radius r 0 > 0 changes such solutions slightly.
It is seen from (20) and (21) that the expansion of the functionF 1 (x, x ′ ) is nondiagonal, but the sum l χ 2l ϕ * 2l (x ′ )ϕ 2l (x) has a diagonal form. In this case,F 1 (x, x ′ ) is orthogonal (in each of the arguments x and x ′ ) to any term of the sum l χ 2l ϕ * 2l (x ′ )ϕ 2l (x), and the functions ϕ 2l (x) are orthonormalized. Therefore, it is clear that l χ 2l ϕ *
from the diagonal expansion (19) . For the representation of the function F 1 (x, x ′ ) in the form (19), we need to find a diagonal expansioñ
It is convenient to pass from (24) to the equivalent system of equations
We seek the functions ϕ 2j−1 (x) in the form
which ensures the orthogonality of ϕ 2j−1 (x) to the functions ϕ 2l (x). We now substitute (26) in (25) and take formulae (21), (23) into account. We obtain the system of equations
where j = 1, 2, . . . , ∞. By equating the coefficients of the functions sin (k 2l−1 x) to zero, we get
Substituting
in (29), we obtain the secular equation for the numbers λ 2j−1 :
It is easy to show analytically that λ 1 ≈ N 0 (for γ ≪ 1) and λ 2j−1 ∈]χ 2j−1 , χ 2j−3 [ for j ≥ 2.
The case of T = 0
We now present the solutions for Γ = 10 7 and N = 10 5 . The formula Γ = γN 0 N/π 2 and Eqs. (26), (28) are orthogonal to each other. Since F 1 (x, x ′ ) = F the eigenvalues λ l in (19) are real, and the collection {λ l } is unique [44] . In addition, if all λ l are different, the natural basis {φ l (x)} is unique [44] . In our case, all λ l are different. Therefore, the above solution is unique. We note that the functions ϕ 2j+1 (x) are roughly close to − 2/L · cos k 2j x.
We note that the density matrix F 1 (x, x+x ′ ) (20) at T = 0 decreases, as |x ′ | increases, by a power law |x ′ | −|s| [37] , which corresponds to a quasicondensate. In the region of applicability of the Bogoliubov method we have s ≈ 0 and F 1 (x, x + x ′ ) ≈ const [37] . Therefore, in this region the quasicondensate can be considered as a true condensate.
The above solution has two significant properties. (I) The quasicondensate can be fragmented. Indeed, for a finite system we may consider the state ϕ j (x) to be macroscopically occupied at λ j > ∼ N/Θ. The choice of the value of Θ is somewhat arbitrary for a finite system.
Whether λ j = 0.03N is macroscopic? Probably not if N < ∼ 100. Probably yes if N > ∼ 10 4 .
In our opinion, it is reasonable to set Θ = ln 2 N. According to such criterion, states 2 and 3 from the above example are occupied macroscopically. (II) The structure of a fragmented quasicondensate depends on the boundaries. Indeed, it is easy to obtain from the Bogoliubov formulae [2] that, for a periodic system,
where χ −2j = χ 2j , χ 2j is set by formula (22) , and φ p 2j (x) = e ik 2j x / √ L. We remark that for a periodic system F 1 (x, x ′ ) = F 1 (x − x ′ ), and the Fourier transform of the function
coincides with (31) . The solution F 1 (x, x ′ ) obtained above under zero BCs can be written in a similar way:
. (32) Here, λ 1 ≈ N and λ 2j = χ 2j = λ 2j+1 . Thus, under periodic BCs we have λ −2j = λ 2j . However, under zero BCs the analogous symmetry is absent:
and λ 2j is essential for small j and decreases, as j increases. The property λ −2j = λ 2j is related to the cyclic symmetry of the system. The boundaries break this symmetry; therefore, the equality λ 2j+1 = λ 2j is also violated. Thus, a change in the numbers λ j at the transition from periodic BCs to the zero ones is related to a change in the topology of the system.
For the system under zero BCs we now clarify the conditions, under which the quasicondensate is fragmented. At small l we have
(here, we have used that N 0 ≈ N at the weak coupling [37] ). In this case, λ 2l+1 = λ 2l − |δ 2l |, where δ 2l is small. The criterion
. These formulae imply that states 2, 3, 4, . . . , 2l + 1 are macroscopically occupied, if
On the other hand, the criterion of applicability of the Bogoliubov method, N −Ñ 0 < ∼ 0.1N, and the formulae
ln Γ [37] yield the inequality
Inequalities (33) and (34) We do not consider the values N > 10 10 , since they are not realizable experimentally.
The diagonal representation (31) for a periodic 1D Bose system at T = 0 was determined previously by a different method [27] . Instead of χ 2l (22), we obtain close occupation numbers:
This formula holds for l ≪ √ Γ. At the replacement N 0 → √ NN 0 formula (35) passes to
, which coincides with χ 2l (22) 
The difference between N 0 and √ NN 0 is insignificant, since the methods in [27, 37] require N 0 ≈ N. It is worth to note that the density matrix was found in work [27] directly from the ground-state wave function without any assumptions about the condensate. At γ < ∼ 0.01 the solution in [27] is close to the exact one.
It is clear that, as γ increases, the atoms from the lowest states transit in higher ones.
Therefore, we may expect that the number of lowest macroscopically filled states increases with γ. At γ ≫ 1 the atoms are apparently distributed over the very large number of states, and there are no macroscopically occupied states. However, we cannot verify these assumptions, since the methods in [2, 27, 37] are valid only at small γ.
The case of T > 0
The thermal equilibrium in a system is possible, if the number of quasiparticles is large. This requires [37] . In this case, for √ Γ ≫ 1 and small j, relation (22) yields
If j < ∼ 10, thenT ≫ y j . Therefore, the main contribution to χ j is given by the temperature termT /y j . Thus, at y 1 ≪T ≪ 12 γN the temperature affects the density matrix significantly.
We now present the solutions with the above-considered parameters Γ = 10 7 and N = We see that, asT increases, the atoms transit from state 1 to states 2, 3 and to higher ones. It cannot be excluded that, at sufficiently high temperatures, state 1 is occupied microscopically, but states 2 and 3 are occupied macroscopically.
Interestingly, for a finite system the order parameter ψ (x, t) does not generally coincide with the unique condensate defined with the help of criterion (19) . Under periodic BCs the function F 1 (x, x ′ ) is set by formula (31) , and the number of atoms in the effective condensate ψ (x, t) is equal to N 0 . If the unique condensate is not fragmented, it coincides with ψ (x, t) . But if the unique condensate is fragmented, there is no coincidence, since the We have shown in two ways that the fragmentation of the condensate in a uniform Bose system is possible. Within the quasi one-particle approach we have found a crystal-like solution with a fragmented condensate. Such solutions are possible for 1D, 2D, and 3D system with high density. With the help of the more accurate collective approach we obtained that the ground state of a uniform 1D Bose system with repulsive interatomic potential contains a fragmented quasicondensate at low T and at definite values of the parameters of the system.
In this case, the number of quasicondensates forming a fragmented quasicondensate can be equal to 3 or 5. The occupation numbers of a fragmented quasicondensate depend on the boundary conditions, though the energy of the ground state E 0 and the dispersion law E(k)
are independent of BCs [37, 39, 41, 43] . In recent years, the experiments with a uniform gas in a trap [9] became possible. Therefore, we hope for that the above-obtained solutions will be verified experimentally.
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